PHYSICAL REVIEW B 82, 014532 (2010)

Phase-controlled proximity effect in ferromagnetic Josephson junctions:
Calculation of the density of states and the electronic specific heat
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We study the thermodynamic properties of a dirty ferromagnetic S|F|S Josephson junction with s-wave
superconducting leads in the low-temperature regime. We employ a full numerical solution with a set of
realistic parameters and boundary conditions, considering both a uniform and nonuniform exchange field in the
form of a Bloch domain wall. Our main result is that it is possible to strongly modify the electronic specific heat
of the system by changing the phase difference between the two superconducting leads from zero up to nearly
7. This is explained in terms of the proximity-altered density of state in the ferromagnetic region, and we
discuss possible methods for experimental detection of the predicted effect.
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I. INTRODUCTION

In recent years, due to the important role of hybrid struc-
tures with superconducting and magnetic layers in vital cir-
cuit elements such as transistors and high-resolution devices
like detectors, such structures are intensely investigated due
to their potential both in terms of functionality' and novel
fundamental physics that may be explored.>? In the context
of applications, studies of the thermodynamic properties of
superconductors have mostly focused on electron cooling
properties,* although recently the influence of the proximity
effect on the entropy production in a nonmagnetic Josephson
junction was investigated.’ A key to understanding the ther-
modynamic properties of a system is the behavior of the
density of states (DOS) near Fermi level, and any control
parameter that can adjust the DOS in an efficient and well-
defined manner would offer significant advantages with re-
spect to tailoring desired thermodynamic properties.

Very recently, it has been studied numerically® and dem-
onstrated experimentally’ how the DOS may be altered con-
trollably in such structures by creating a nonmagnetic S|N|S
Josephson junction and generating a supercurrent. The phase
dependence of the mini gap® was experimentally investigated
using scanning tunneling microscopy-atomic force micros-
copy and found to agree well with theoretical predictions.
For a ferromagnetic Josephson junction, however, it remains
to be clarified precisely how the DOS is influenced by the
phase difference in the full proximity effect regime. Two
features which are expected to come into play for ferromag-
netic Josephson junctions are the presence of odd-frequency
superconducting correlations, which can induce a qualitative
shift in the DOS from a low-energy mini gap-structure® to an
enhancement, and spin-active interfaces.>°

In this paper, we show how it is possible to obtain a huge
enhancement of the specific heat of a ferromagnetic Joseph-
son junction at low temperatures, simply by tuning the su-
perconducting phase difference by means of either a current
or an external magnetic flux in a superconducting quantum
interference device (SQUID)-like geometry. We demonstrate
explicitly how the predicted effect occurs for a set of realistic
experimental parameters and how it persists even in the pres-
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ence of an inhomogeneous magnetization texture such as a
Bloch domain wall in the ferromagnet. We find that the en-
hancement of the specific heat is strongest for exchange
fields h comparable in magnitude to the superconducting gap
A, i.e., h=A, whereas for higher exchange fields the effect
eventually vanishes. Our findings can be verified experimen-
tally by using calorimetry techniques'' or high-resolution
thermometry.'> We underline that while it is well known that
the DOS in a Josephson junction is sensitive to the phase
difference, our main result pertains to the manner in which
the DOS varies and the resulting consequences for the elec-
tronic specific heat of the junction. While this has been stud-
ied previously for a normal Josephson junction, it has to the
best of our knowledge not been investigated for a ferromag-
netic  superconductor|ferromagnet|superconductor  (S|F|S)
junction. The findings of Ref. 7 demonstrate the feasibility of
experimentally verifying the results for the DOS in this
work, whereas our predictions for the specific heat can be
tested directly via the route employed in Ref. 11 involving
calorimetry measurements in a SQUID loop geometry with
an array of Josephson junctions.

II. THEORY

To investigate the physical properties of the S|F|S Joseph-
son junction, we solve the quasiclassical equations of
superconductivity'®!* to obtain the Green’s functions. It is
convenient to use a Ricatti parametrization of the latter as
follows: %1316

Ml-yy) 2Ny
g= o ] (1)
2Ny N-1+7y)

Here, = 1 since N=(1 +ﬁ)_1N=(l +ﬂ)". We use ... for
2X2 matrices and ... for 4X4 matrices. An alternative
parametrization procedure in the context of inhomogeneous
ferromagnets was employed in Ref. 17. In order to calculate
the Green’s function g, we need to solve the Usadel
equation'* with appropriate boundary conditions at
x=—dp/2 and x=dp/2. We introduce the superconducting
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coherence length as &=\Dg/A,. Following the notation
of Ref. 18, the Usadel equation reads Dd(gdg)
+i[Eps+diaglh-o,(h-0)7],§]1=0, and we  employ
the following realistic boundary conditions for all
our computations in this paper:® 2{dpgdg=[gpcs(d),8&]
+i(Gg/ Gy)ldiag(73,73), 8] at x=—dp/2. Here, 05&% and we
defined {=Rp/Ry as the ratio between the resistance of the
barrier region and the resistance in the ferromagnetic film.
The barrier conductance is given by G, whereas the param-
eter Gy describes the spin-dependent interfacial phase shifts
(spin DIPS) taking place at F side of the interface where the
magnetization is assumed to lie in the yz plane, being parallel
to the z axis at the interfaces. The boundary condition at

x=dp/2 is obtained by letting Gg— (-Gg) and
&pcs(@P) —[-8pes(—)] in the boundary condition at
x=—dp/2, where  ypcs(@)=iTos/(1+c)e'®?,  Fpcs(d)
=ypes(h)e'®. Above, Gy is allowed to be different from Gg
in general. For instance, if the exchange field has opposite
direction at the two interfaces due to the presence of a do-

main wall, one finds 65=—GS. The total superconducting
phase difference is ¢, and we have defined s=sinh(?),
c=cosh(¥) with 9=atanh(Ay/E) using A, as the supercon-
ducting gap. Note that we use the bulk solution in the super-
conducting region, which is a good approximation when as-
suming that the superconducting region is much less
disordered than the ferromagnet and when the interface
transparency is small, as considered here. Effectively, the
inverse proximity effect is thus ignored. We use units such
that Ai=kz=1. The values of Gy and G; may be calculated
explicitly from a microscopic model, which allows one to
characterize the transmission {#, } and reflection amplitudes
{r/ ,} on the j e {S,F} side. %1019

To find the specific heat of the system, we need to calcu-
late the local density of states normalized against its normal-
state value N(x,E,T,¢)=Tr{Re[N(1-yy)]}/2. We assume
that the S electrodes are not influenced by the proximity
effect; the total electronic specific heat (C,,) of the S|F|S
junction can be determined by C(T, ¢)=Cp(T, @)+ Cy(T).
Here, Cy(T) is the specific heat of superconducting plates
while Ci(T,p)=TISHT,d)/ T is the specific heat of the
ferromagnetic part of the junction. The entropy of the ferro-
magnet layer in the proximity system can be obtained from
SH(T, $)==(4/L) [*],dx[GdE N(x,E, T, $){f(E)n[ f(E)]+[1
—f(E)IIn[1-£(E)]}, and f(E)={1+exp[E/T]}"" is the Fermi-
Dirac distribution function at temperature 7.

Since we employ a numerical solution, we have access to
study the full proximity effect regime and also, in principle,
an arbitrary spatial modulation 2=h(x) of the exchange field.
This is desirable in order to clarify effects associated with
nonuniform ferromagnets, such as the presence of Bloch do-
main walls. Here, we will consider two different types of
magnetization textures: homogeneous magnetization and a
Bloch domain-wall structure. The Bloch model is given by
h=h(cos 6y+sin #2), where 6=-2 arctan(x/dy),'® with dy,
as the width of domain wall. Moreover, the center of the F
layer is located at the origin x=0. Below, we shall consider a
domain wall of width dy/dp=0.5, thus ensuring that the
magnetization is fully aligned with the z axis at the inter-
faces. Our model for the domain wall is standard in the lit-
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erature and contains the essential ingredients of the spatial
magnetization texture expected for such a topological defect.
Having stated this, it is certainly an experimental issue to
determine quantitatively, e.g., the length scales associated
with this texture for appropriate ferromagnetic materials em-
ployed in S|F|S junctions.

III. RESULTS AND DISCUSSION

We now present our main results of the paper. In the qua-
siclassical framework employed here, we have to consider an
exchange field much weaker than the Fermi energy in order
to remain within the regime of validity. For a weak diffusive
ferromagnetic alloy such as PdNi, the exchange field 4 can
be varied from a few meV to tens of meV by changing the
relative contents of Pd and Ni. Even weaker exchange fields
h of order meV are found in, for instance, Y,Cos, Y¢Cos,
and TiBe, ¢Cuy,.2° Therefore, we shall consider here ex-
change fields ranging from 0.5 meV up to 5 meV. The sce-
nario of a thin junction dj/&=0.3 will be contrasted with
that of a thick junction dy/&g=1.0. For a superconducting
lead like Nb with a coherence length of {¢=18 nm, the ratio
of dp/é¢=0.3 provides a ferromagnetic layer thickness equal
to 6 nm, which is experimentally accessible.”! The tempera-
ture will be fixed at 7=0.05T, and consequently our results
are valid for low-temperature regime. The spin-dependent
interfacial phase-shift (spin-DIPS) term Gy is obtained via
the microscopic theory introduced in the previous section
and depends, e.g., on the magnitude of the exchange field
and the interface transparency. Since we calculate G¢ micro-
scopically for a simplified model with a Dirac tunneling bar-
rier, Gg is not treated as a phenomenological parameter here.
We choose ur=1 eV and ug=10 eV for the Fermi level in
the ferromagnet and superconductor, respectively, and con-
sider a relatively low transparency barrier of Z,=3. The elec-
tron mass my and mg in both of the F and S regions is taken
to be the bare one (=0.5 MeV). The ratio of the electronic
resistances of the barrier region and the ferromagnet layer is
assumed to be {=Rp/Rp=4 throughout our computations.
We also insert a small imaginary part §=1073X A, into qua-
siparticle energies, i.e., E— E+i0 for access to more stability
in our computations. The small imaginary part can be inter-
preted as accounting for inelastic scattering. As we discuss
below, we find that the specific heat of the S|F|S diffusive
junction can be strongly enhanced by changing the phase
difference between the two singlet superconducting leads
from zero up to values near 7 for both a homogeneous ex-
change field and in the domain-wall case. Due to limitations
of our numerical code, we were not able to investigate phase
differences ¢ very close to 7. The huge enhancement of the
specific heat can be seen even for values of the exchange
field several times the superconducting gap in the domain-
wall case. Upon increasing the magnitude of the exchange
field further to values h> A, this effect vanishes. The en-
hancement is most resilient toward an increase in % in the
case where a domain wall is present. Both the enhancement
of the specific heat and its persistence in the domain-wall
case can be understood by investigating the DOS in the fer-
romagnetic region. We now proceed to a presentation of our
main results.
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FIG. 1. (Color online) The normalized local density of states vs energy and phase difference between two s-wave superconducting leads
for a uniform magnetization texture with (a) dy/&¢=0.3 and (b) dp/&s=1.0. The DOS is evaluated in the middle of the junction, i.e., x=0,

and h/Ay=0.5.

Let us start by discussing the behavior of the DOS in a
ferromagnetic region by changing the phase difference be-
tween two superconducting leads connected to it. The results
are shown in Fig. 1 for the homogeneous exchange field
case, while the domain-wall scenario is demonstrated in Fig.
2. In both figures, we provide a contour plot of the DOS in
the middle of the F layer as a function of quasiparticle en-
ergy E measured from Fermi level and the superconducting
phase difference ¢. In both Figs. 1 and 2, h/A;=0.5. Let us
first consider the homogeneous case shown in Fig. 1(a) for a
thin ferromagnetic layer dy/&g=0.3. The most obvious fea-
ture is that a mini gap structure is induced in the low-energy
regime close to the Fermi level, flanked by a peak structure
below the gap and at the gap. The mini gap is shown to close
as the phase difference moves toward ¢=1r, as is also the
case for S|N|S junctions.® In Fig. 1(b), the junction thickness
is increased to dp/&g=1.0, and it is seen that the peak struc-
tures remain. The main difference from Fig. 1(a) is that the
low-energy DOS is enhanced, indicating that the odd-
frequency correlations are present and comparable in magni-
tude to the even-frequency correlations. The mini gap is split
into two and is seen to shift away from zero energy. The
appearance of the multiple peak structures as a function of
energy E originates from an effective superconducting gap
felt by each spin species which is different in magnitude for
spin-T and spin-| quasiparticles. This is similar to the sce-

nario of thin-film superconductors subjected to an in-plane
external magnetic field.??

We now turn to the domain-wall case, shown in Fig. 2.
The most noteworthy change from Fig. 1 is that the zero-
energy DOS is enhanced in (b). This observation signals that
odd-frequency correlations are stronger in the domain-wall
case, a finding which agrees with the results in Ref. 18. The
physical reason for this is that the inhomogeneous magneti-
zation texture generates not only the S,=0 triplet component,
but also the long-ranged S,=*1 triplet components, which
also are odd in frequency due to the isotropization caused by
the impurity scattering. The presentation of the DOS and its
dependence on the energy E and superconducting phase dif-
ference ¢ presented here is a useful preliminary which, as we
shall see, explains the origin behind our main result of a
strongly enhanced specific heat, which we shall now move
on to.

Let us then consider the electronic specific heat of the
S|F|S diffusive Josephson junction vs phase difference of the
two superconducting leads. As mentioned in the Introduc-
tion, the phase difference is an experimentally tunable quan-
tity by means of, e.g., current biasing the junction or apply-
ing an external magnetic field in a SQUID-like geometry.
Since the proximity effect is in general much weaker in the
low-energy regime for dr/ £g=1.0, we focus here on the more
interesting case dp/&£g=0.3.
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FIG. 2. (Color online) The normalized local density of states vs energy and phase difference between two s-wave superconducting leads
and inhomogeneous magnetization texture for (a) dp/&3=0.3 and (b) dp/&;=1.0. The DOS is evaluated in the middle of the junction, i.e.,

x=0, and h/Ay=0.5.

The results are shown in Fig. 3. As seen, the left panel is
related to the homogeneous exchange field scenario while
the right panel is related to the inhomogeneous magnetiza-
tion in the form of a Bloch domain wall. In both cases, the
curves show a giant enhancement of the normalized specific
heat when the exchange field is comparable in magnitude to

Homogeneous exchange field
0.35 : : : :

(@) Y

the superconducting gap. For larger exchange fields, the spe-
cific heat becomes a monotonic nearly constant function of
the phase difference ¢. We note that the enhancement per-
sists for larger values of % in the domain-wall case (up to
h/Ay=3.0) compared to the homogeneous case. The physi-
cal reason behind the enhancement of the specific heat stems
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FIG. 3. (Color online) The normalized electronic specific heat of the diffusive S|F|S Josephson junction vs phase difference between two
s-wave superconducting leads with a ferromagnetic layer featuring a homogeneous and an inhomogeneous Bloch domain-wall magnetization

texture. The arrows indicate an increasing value of A.
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from the dependence of the DOS on ¢, as shown in Figs. 1
and 2. For instance, for a very weak exchange field
h/Ay=0.5, the DOS plots presented in the previous section
showed how the mini gap closed with increasing ¢. Since it
is the low-energy DOS that mainly contributes to the elec-
tronic specific heat, increasing the phase difference ¢ will
naturally lead to an increase in Cp. More specifically, we
have verified numerically that at 7/7.=0.05, only energies
up to E/Ay=0.35 contribute to the specific heat integral.

By increasing the magnitude of the exchange field in the
ferromagnetic layer, a kink appears in the specific heat. To
identify the cause of the appearance of the kinks, one should
investigate the related DOS of the system. Consider now for
concreteness the DOS in the homogeneous exchange field
case with 2/Ay=1.1, which is seen to display a kink in the
specific heat in the left panel of Fig. 3. The kink of this curve
appears near ¢/ mw=0.7, consequently leading us to plot the
DOS of the system near this value vs E/A, and ¢/ . The
resulting DOS is shown in Fig. 4. As seen, the cause of the
appearance of a kink near ¢/7=0.7 is the zero-energy peak
that occurs in this region of the phase difference. Such a
zero-energy peak should be a direct result of the manifesta-
tion of odd-frequency correlations in the system.” In Fig. 4,
it is seen that an abrupt conversion takes place at
¢/ m=0.7 along the E=0 line from a fully suppressed DOS
to an enhanced value compared to the normal state. Such an
abrupt conversion was also very recently studied in Ref. 24,
where it was demonstrated that the conversion was associ-
ated with a transition from pure even-frequency to pure odd-
frequency correlations. The simultaneous decrease in the
DOS when moving away from the Fermi level results in a
rapid decrease in the specific heat, thus leading to the non-
monotonic behavior shown in Fig. 3.

IV. SUMMARY

We have demonstrated that the electronic specific heat of
the S|F|S junction can be tuned to undergo a strong enhance-
ment by increasing the phase difference between two super-
conducting leads. The experimental requirement for the ob-
servation of this effect is that the width dp of the
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Normalized LDOS

FIG. 4. (Color online) The normalized local density of states of
the diffusive S|F|S junction vs phase difference and energy for ho-
mogeneous structure of ferromagnetic layer with exchange field
h/Ap=1.1 and thickness dr/&s=0.3.

ferromagnetic interlayer is considerably smaller than the su-
perconducting coherence length (typically dy in the range
5-10 nm), and that the exchange field is comparable in mag-
nitude to the gap. The effect persists in the domain-wall case
up to exchange fields i/Ay=3, yielding % in the range 4-7
meV for a weak ferromagnetic alloy. Our prediction may be
tested experimentally, e.g., by the construction of a SQUID
loop geometry® by employing calorimetry measurements of
an array of S|F|S Josephson junctions.!!
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